In this paper, we introduced the notion of rough left almost groups. We proved that the lower and the upper approximation of an LA-subgroup is an LA-subgroup.
Introduction
The notion of a rough set was originally proposed by Pawlak [16] as a formal tool for modeling and processing incomplete information in information systems. The theory of rough set is an extension of set theory. The equivalence classes are the building blocks for the construction of the lower and upper approximations. The lower approximation of a given set is the union of all equivalence classes which are subsets of the set, and the upper approximation is the union of all equivalence classes which have a nonempty intersection with the set. Some authors had studied the algebraic properties of rough sets. Biswas and Nanda [3] , introduced the notion of rough subgroups. Kuroki, in [10] , introduced the notion of a rough ideal in a semigroup. Yaqoob et al. [1, 2, 17] presented some results on roughness in LA-semigroups, roughness in semigroups and roughness in Γ-AG-groupoids. Kuroki and Wang [8] gave some properties of the lower and upper approximations with respect to the normal subgroups. Also, Kuroki and Mordeson in [9] studied the structure of rough sets and rough groups. Jun applied the rough set theory to BCK-algebras [4] . This paper concerned the relationship between rough sets and left almost groups. The left almost semigroup abbreviated as an LA-semigroup, was first introduced by Kazim and Naseerudin [7] . They generalized some useful results of semigroup theory. They introduced braces on the left of the ternary commutative law abc = cba, to get a new pseudo associative law, that is (ab)c = (cb)a, and named it as left invertive law. Later, Mushtaq [11] [12] [13] [14] [15] and others investigated the structure further and added many useful results to the theory of LA-semigroups. It was much later when Mushtaq and Kamran [5] in 1987 succeeded in defining a non-associative group which they called an LA-group and can be equally manipulated with as a subtractive group. The introduction of an LA-group is an offshoot of an LA-semigroup. LA-group is a non-associative structure with interesting properties. In [6] it has been shown that if G is an LA-group and H is an LA-subgroup then G/H is an LA-group. The partitioning of an LA-group has been done with the remark that an LA-group can be decomposed into right cosets only. In LA-groups we do not need the concept of group theoretic normality and we can factor every LA-group G with its LA-subgroup H. We know that if G is a group and H is its subgroup then (Ha)(Hb) H(ab), unless H is normal in G. Here there is no such condition because of medial property that is if Ha, Hb ∈ G/H, where G is an LA-group and H is an LA-subgroup, then (Ha)(Hb) = H(ab) without any extra condition on H.
In this paper, we introduced the notion of rough LA-groups and rough LA-subgroups.
Preliminaries and Basic Definitions
In this section we present some basic definitions and results needed for our purpose.
Definition 2.1. [6, 14] A groupoid (G, ·) is called an LA-group, if (a) there exist left identity e ∈ G such that e · a = a for all a ∈ G, (b) for every a ∈ G there exist left inverse a ∈ G such that a · a = e, (c)
Throughout this paper, by e we shall mean the left identity.
Example 2.2. [6] Suppose that (G, ·) is a commutative group. Then it is easy to see that (G, * ) where * is defined as
Example 2.3. Let G = e, f, x, y, z and (·) be the binary operation in G defined by the following table:
· e f x y z e e f x y z f z e f x y x y z e f x y x y z e f z f x y z e Clearly (·) is non-associative as y = ( f · e) · x f · (e · x) = f. Then G is an LA-group with left identity e and each element of G has left inverse and the elements of G satisfies the left invertive law.
This law is known as medial law. Also it is important to note that if a, b ∈ G then (ab) = a b , and primes denote the inverses of elements. Let G be an LA-group with left identity e. Let ρ be a congruence relation on G, that is, ρ is an equivalence relation on G such that (a, b) ∈ ρ (a, b ∈ G) implies (ax, bx) ∈ ρ and (xa, xb) ∈ ρ for all x ∈ G. Let T be an LA-subgroup of an LA-group G. Then, as is well known and easily seen, there exists a one-to-one correspondence between the set of all congruence relations on G and the set of all LA-subgroups of G. Therefore, we can identify the notion of LA-subgroups and of congruences on an LA-group.
Let T be an LA-subgroup of G. Let A be a non-empty subset of G. Then the sets Proposition 2.6. Let T and K be LA-subgroups of an LA-group G. Let A and B be any non-empty subsets of G. Then:
.
we have Ta ∩ A ∅, and so a ∈ Apr T (A). Thus A ⊆ Apr T (A). (8) If ∀c ∈ Apr T (A), then there exists x ∈ Tc ∩ A, and so x ∈ Tc ⊆ Kc. Therefore, x ∈ Kc ∩ A. This implies c ∈ Apr K (A), and Apr T (A) ⊆ Apr K (A). Proposition 2.7. Let T be an LA-subgroup of an LA-group G. Let A and B be non-empty subsets of G. Then
Proof. Let c be any element of Apr T (AB). Then Tc ∩ AB ∅. Thus there exists an element x in G such that x ∈ Tc ∩ AB, and so x ∈ Tc and x ∈ AB. Then x = ab with a ∈ A and b ∈ B. Since
we have c = yz with y ∈ Ta and z ∈ Tb. Then a ∈ Ty, and so a ∈ Ty ∩ A. Thus y ∈ Apr T (A). Similarly we have z ∈ Apr T (B). Thus c = yz ∈ Apr T (A)Apr T (B), and so we have Apr T (AB) ⊆ Apr T (A)Apr T (B).
Conversely, let c be any element of Apr T (A)Apr T (B), then c = ab with a ∈ Apr T (A) and b ∈ Apr T (B). Thus there exist elements x and y in G such that x ∈ Tx ∩ A and y ∈ Tb ∩ B, and so x ∈ Ta, x ∈ A, y ∈ Tb, and y ∈ B. Since T is an LA-subgroup, xy ∈ (Ta)(Tb) = T(ab), and xy ∈ AB. Thus xy ∈ T(ab) ∩ AB, which yields that c = ab ∈ Apr T (AB), and so Apr T (A)Apr T (B) ⊆ Apr T (AB). Therefore we have Apr T (A)Apr T (B) = Apr T (AB). · Remark 2.10. Let T and K be LA-subgroups of an LA-group G. Then, as is well known and easily seen, T ∩ K is also an LA-subgroup of G. Proposition 2.11. Let T and K be LA-subgroups of an LA-group G. Let A be a non-empty subset of G. Then:
a and x ∈ A ⇐⇒ x ∈ Ta, x ∈ A and x ∈ Ka, x ∈ A ⇐⇒ x ∈ Ta ∩ A and x ∈ Ka ∩ A ⇐⇒ x ∈ Apr T (A) and x ∈ Apr K (A) ⇐⇒ x ∈ Apr T (A) ∩ Apr K (A).
Thus Apr T∩K (A) = Apr T (A)Apr K (A).
Lower and Upper Rough LA-subgroups in an LA-group
A non-empty subset A of an LA-group G is called a rough LA-subgroup of G if the upper approximation Apr T (A) of A is an LA-subgroup of G. Similarly, a non-empty subset A of G is called a rough LA-subgroup of G if the lower approximation Apr Proof. Let e be the left identity of G. Since T and A are LA-subgroups of G, e ∈ A and e = ee ∈ Te, and so e ∈ Te ∩ A. Thus Te ∩ A ∅. This implies that e ∈ Apr T (A). Let a and b be any elements of Apr T (A). Then there exist elements x and y in G such that x ∈ Ta ∩ A and y ∈ Tb ∩ A. Thus x ∈ Ta, y ∈ Tb and x ∈ A, y ∈ A. Since A is an LA-subgroup of G, xy ∈ A. And since T is an LA-subgroup of G, so xy ∈ (Ta)(Tb) = T(ab).
Thus xy ∈ T(ab) ∩ A, and so ab ∈ Apr T (A).
Let a be any element of Apr T (A). Then x ∈ Ta ∩ A for some x ∈ G, that is, x ∈ Ta and x ∈ A. Then since A is an LA-subgroup of G, x ∈ A. On the other hand, since x = ta for some t ∈ T, and since T is an LA-subgroup of G, t ∈ T and we have x = (ta) = t a ∈ Ta . Thus x ∈ Ta ∩ A, and so a ∈ Apr T (A). These imply that Apr T (A) is an LA-subgroup of G. Proof. Let c be any element of Apr T (A)Apr K (A). Then c = ab with a ∈ Apr T (A) and b ∈ Apr K (A). Then there exists elements x and y in G such that x ∈ Ta ∩ A and y ∈ Kb ∩ A. Thus x ∈ Ta, y ∈ Kb, x ∈ A, and y ∈ A. Then, since T and K are LA-subgroups of G, so by medial law, xy ∈ (Ta)(Kb) = (TK)(ab) = (TK)c.
Since A is an LA-subgroup of G, xy ∈ A. Therefore, xy ∈ (TK)c ∩ A, and so we have c ∈ Apr TK (A). Thus
Now to prove that Apr TK (A) ⊆ Apr T (A)Apr K (A). Let c be any element of Apr TK (A). Then there exists element x in G such that x ∈ (TK)c ∩ A and so x ∈ (TK)c and x ∈ A. Now x = (tk)c for t ∈ T and k ∈ K. Now by left invertive law and by Corollary 2.4, we have
This implies that x ∈ T(kc) ∩ A. Thus kc ∈ Apr T (A). As K is an LA-subgroup so for any k ∈ K, we have Proof. Let x be any element of Apr TK (A). Then there exists an element y in G such that y ∈ (TK)x ∩ A. Thus y ∈ (TK)x and y ∈ A. As T and K are LA-subgroups of G so for any element t ∈ T and k ∈ K, we have t ∈ T and k ∈ K. Now by left invertive law and by Corollary 2.4, we have
This implies that y ∈ T(kx) ∩ A. So kx ∈ Apr T (A). Now we get
Hence we get Apr TK (A) ⊆ K Apr T (A). 
Rough LA-subgroups in a Factor LA-group
The lower and upper approximations in a factor LA-group can be presented in an equivalent form as shown below. Let T be an LA-subgroup of an LA-group G, and A a non-empty subset of G. Then: Let Ta and Tb be any elements of Apr T (A). Then there exist elements x and y in G such that x ∈ Ta ∩ A and y ∈ Tb ∩ A. Thus x ∈ Ta, y ∈ Tb, x ∈ A, and y ∈ A. Then, since T is an LA-subgroup, xy ∈ (Ta)(Tb) = T(ab). Since A is an LA-subgroup of G, xy ∈ A. Thus xy ∈ T(ab) ∩ A. Therefore we have (Ta)(Tb) = T(ab) ∈ Apr T (A).
Let Ta be any element of Apr T (A). Then there exists an element x in G such that x ∈ Ta ∩ A. Thus x ∈ Ta and x ∈ A. Thus x = ta for some t ∈ T. Note that (Ta) = Ta . Then we have x = (ta) = t a ∈ Ta . Since x ∈ A, x ∈ Ta ∩ A, and so Ta ∈ Apr T (A). Therefore, we obtain that Apr T (A) is an LA-subgroup of G/T. 
Homomorphism Problems
Let G and G * be two LA-groups. A mapping f : G −→ G * is called a homomorphism from G and
for all a, b ∈ G. If f is surjective then f is called an epimorphism. We denote by e * the left identity of G * . Then the set
is called the Kernel of f . Using Theorem 2.5, it is easy to show that, ker( f ) is an LA-subgroup of G. Consider f : G −→ G * is a homomorphism from G and G * , and A and A * are LA-subgroups of G and G * , respectively. We can easily show that f (A) and f (A * ) are LA-subgroups of G and G * , respectively. Proposition 5.1. Let f be a homomorphism of an LA-group G to an LA-group G * . If A is a non-empty subset of G, then
Proof. Let y be any element of f (A). Then f (a) = y for some a ∈ A. We note that e ∈ ker( f ). Thus we have y = f (a) = f (ea) ∈ f (ker( f )A), and so f (A) ⊆ f (ker( f )A).
Conversely, let y be any element of f (ker( f )A). Then f (a) = y for some a ∈ ker( f )A. Thus a = bc with b ∈ ker( f ) and c ∈ A. Then y = f (a) = f (bc) = f (b) f (c) = e * f (c) = f (c) ∈ f (A), and so f (ker( f )A) ⊆ f (A). Therefore, f (A) = f (ker( f )A).
Proposition 5.2. Let f be a homomorphism of an LA-group G to an LA-group G * , and T be an LA-subgroup of G. If A is a non-empty subset of G, then f (A) ⊆ f (Apr T (A)) ⊆ f (TA).
Proof. By Proposition 2.6(1), A ⊆ Apr T (A), and since f is a homomorphism of G to G * , we have
To see f (Apr T (A)) ⊆ f (AT), let y be any element of f (Apr T (A)); then f (a) = y for some a ∈ Apr T (A). Thus there exists an element x in G such that x ∈ Ta ∩ A. Then x ∈ Ta and x ∈ A. Thus x = ba for some b ∈ T, that is, a = b x. Since T is an LA-subgroup of G, b ∈ T. Then we have y = f (a) = f (b x) ⊆ f (TA), and so f (Apr T (A)) ⊆ f (TA), which completes the proof. Therefore, we obtain that f (A) = f (Apr ker( f ) (A)), which completes the proof. 
